We present transport measurement results on superconducting Nb films with diluted triangular arrays (honeycomb and kagomé) of holes. The patterned films have large disk-shaped interstitial regions even when the edge-to-edge separations between nearest neighboring holes are comparable to the coherence length. Changes in the field interval of two consecutive minima in the field dependent resistance R(H) curves are observed. In the low field region, fine structures in the R(H) and T c (H) curves are identified in both arrays. Comparison of experimental data with calculation results shows that these structures observed in honeycomb and kagomé hole arrays resemble those in wire networks with triangular and T 3 symmetries, respectively. Our findings suggest that even in these specified periodic hole arrays with very large interstitial regions, the low field fine structures are determined by the connectivity of the arrays.
FIG. 1:
Scanning electron microscopy (SEM) image of the superconducting Nb film with a kagomé array of holes. The center-to-center distance between nearest neighbor is 400 nm and the hole diameter is about 340 nm.
I. INTRODUCTION
Superconducting films with periodic arrays of artificial pinning sites have been extensively studied for a long time. [1] [2] [3] [4] It is found that at the fields where the number of superconducting flux quantum Φ 0 = hc/2e in unit area is an integer multiple of the pinning sites, the so called commensurate effects such as peaks in the I c (H) and dips in the R(H) curves can be observed. 3, 5, 6 The most prevailing explanation for these effects is that the vortex lattice is commensurate with the underlying array and pinned efficiently at the matching fields.
However, similar phenomena have also been observed in other systems including superconducting wire networks and Josephson junction arrays. [7] [8] [9] In wire networks, when the magnetic flux through single plaquette does not equal to integer multiple of Φ 0 , supercurrents must be induced along the loops to satisfy the fluxoid quantization condition. There is an energy cost due to the induced supercurrents and thus results in a reduced T c . From this point of view, in wire networks, the resistance oscillations are caused by T c suppression at non-matching fields rather than enhanced pinning at the matching fields. 10 Interestingly, transitions from the pinning regime to the wire network regime can be observed in some superconducting film with pinning arrays. For example, with increasing hole diameter, the width of the strips between neighboring holes in a hole array becomes comparable to the coherence length at temperatures close to T c0 (zero resistance transition temperature) and the system behaves like a wire network. 3, 11, 12 We notice that these findings are based on square 3, 11, 12 and triangular 10 lattices. In those cases, with small edge-to-edge separation, the remaining geometrical structures of the patterned films, are indeed like wire networks with uniform width and small nodes. Thus the transition from pining array to wire network is straightforward. However, other series of hole arrays with large hole diameter may not have such direct geometrical simplification. Investigations of those hole arrays are needed to better understand the physics related to superconductors with micro/nano structures.
In this work, superconducting Nb films with honeycomb and kagomé arrays of holes are studied. The arrays can be viewed as diluted triangular arrays, for they can be constructed with 1/3 and 1/4 of the sites removed form the original lattice, respectively. 13 The edge-toedge separations between neighboring holes in these samples are comparable to the coherence length at temperature close to T c0 . Even though, unlike square and triangular arrays, the patterned films still have large interstitial regions. This distinct character makes the system different from wire networks, for in ideal wire networks, both the width of the stripes and the radius of the nodes are smaller than the coherence length and a uniform order parameter in the cross section of any stripe is expected. Large interstitial regions, on the other hand, can facilitate the nucleation of Abrikosov vortices 2,4,14-18 , resulting in the appearance of normal cores. In our experiments, a series of minima are observed in the R(H) curves. While the oscillation period at low fields is in good agreement with the value derived from the hole density, the periodicity in higher fields is much larger. It is found that the transition of the two regions is due to the presence of interstitial vortices in the high field region. Surprisingly, in the low field region, wire network behaviors are observed in both samples.
We identify the wire network behavior by the fractional matchings (fine structures) in the R(H) and T c (H) curves. The positions and the relative values of the matching minima are studied in detail. We notice that the connectivity of a wire network determines the characters of the fine structures, therefore we highlight the connectivity of our hole arrays and simplify each of them to a wire network. The comparison of the results in the holes arrays with those of their corresponding wire networks, including reported experimental data as well as calculation results based on the Alexander model, 19 demonstrates that the hole arrays studied in this work are well described by wire networks when subjected to small field.
II. EXPERIMENT
The nano-structured superconducting films were prepared as follows. First, the superconducting Nb film with a thickness of 100 nm was deposited by magnetron sputtering on Si substrate with SiO 2 buffer layer. Next, a micro-bridge for four terminal transport measurement was fabricated by ultraviolet photolithography followed by reactive ion etching.
Then the desired arrays covering the whole bridge area of 60 × 60 µm 2 was patterned by electron-beam lithography on a polymethyl metacrylate (PMMA) resist layer. 
III. RESULTS AND DISCUSSIONS
A. Reconfiguration density. When the field is larger than the third matching field, the field spacing has a larger value of about 146.5 Oe. This value is very close to the matching field of a triangular lattice with the same lattice constant which is 149.4 Oe. One exception is that the spacing between the 4th and 5th minima is 100 Oe. Form the field spacing values between two consecutive integer matchings, the overall feature of the R(H) curves can be explained as follows. When the field is small, supercurrents are generated around the holes in order to satisfy the fluxoid quantization condition. At the integer matching field, it is the arrangement of the fluxoids that is commensurate with the hole lattice. When the applied magnetic field is larger than the third matching field, Abrikosov vortices are generated in the interstitial region to minimize the free energy. However, the exact vortex configurations and their evolution are strongly dependent on the density of flux quanta and the confinement of the mesoscopic structure. Both im-age experiment 4 and simulation 24, 28, 29 have revealed the complex nature and the transition process between various configurations of the composite vortex lattice. This may also responsible for the observation of a field interval of 100 Oe between the 4th and 5th minima in Fig. 2 .
B. Fractional matching and wire network behavior
In the low field region, fine and repeatable sub-minima are observed as can be seen from Fig. 2 and Fig. 3 . Because no interstitial vortex is involved in this region and the proximity of the holes, we can related the systems to wire networks despite the large disk-shaped interstitial sites.
We notice that a wire network is obtained by assigning nodes to the center of the interstitial regions in the original hole array and connecting them. In Fig. 4 , the centers of the interstitial regions are regarded as nodes. Then, the superconducting stripes between neighboring holes are viewed as wires (dotted lines) connecting the nodes. Following this procedure, the connectivity of the patterned films are highlighted and the honeycomb and kagomé hole arrays are transformed to triangular and T 3 wire networks, respectively. Although C. C. Abilio et al. have found that superconducting Al film with a square array of holes can be described as a square wire network, 30 the simplification we made here is more radical for the diameter of the disk-shaped interstitial regions is even larger than that of the holes. Assuming that the distance between the centers of the neighboring holes is a in the hole array, then in the dual lattices the side length l of the elementary triangles will be √ 3a and the side length of the rhombus tile in the T 3 geometry will be 2 √ 3a/3 as can been seen from Fig. 4(a) and Fig. 4(b ∆T c /T c (0) vs f . This is because the resistance is measured at temperatures slightly above T c0 in the superconducting transition region where resistance drops sharply with decreasing temperature, a small change in T c will result in an enhanced effect in resistance, and thus a more pronounced commensurate effect.
To our knowledge, fractional matching effects in honeycomb arrays have only been observed at f = 1/2 in previous studies. 13, 16 At the typical measuring temperature T = 8.6K
(0.987 T c ) in this work, ξ(T ) = ξ(0)/ 1 − T /T c = 86.9 nm is slightly larger than the width of the narrow stripes. This fact makes the samples investigated here be qualitatively different from those in previous works on hole arrays and be better described as wire networks. Rich structures in the T c (H) curves of wire networks may serve as fingerprints to differentiate one array from another, since for a given geometry the fine structures are only expected at a particular series of filling ratios. 7, 31, 32 From the linearized Ginzburg-Landau equations,
Alexander had derived the relation of the order parameters at the nodes subjected to noninteger flux. 19 Based on those equations, the task of finding the field dependent transition temperature is reduced to eigenvalue problems. The mathematical treatment is very similar to that of the tight bounding electrons in 2D arrays subjected to an external field which leads to the famous Hofstadter butterfly energy spectrum. 33 The top curve plotted in Fig. 5(b) is the theoretical values of T c (H) of the triangular wire network, which is the dual structure of honeycomb hole array. The curve is calculated by
where l is the side length of the wires, ε t is the eigenvalue 19 of the following equation obtained by using Landau gauge and periodic boundary conditions,
where k y = 2π out with a current of 10 µA. For small value of r (0.05 and 0.1), dips present at 1/6, 2/9, 1/3, 2/3 and 5/6, although the one at 2/3 is relatively weak (see the labels in Fig. 6(b) ).
For larger values of r (0.5 and 0.8), the dips at 1/6, 2/9 and 1/3 gradually disappear but the peak at f = 1/2 remains pronounced.
Most of the fractional matchings observed here are absent in previous works performed on kagomé lattice. 13, 25, [36] [37] [38] In a recent work on hole arrays with small hole size which is in the pinning regime limit, clear fractional matchings were only observed at f = 1/3 and 2/3. 38 Contrasting to their findings, in our work with edge-to-edge separation comparable to the coherence length, dips at f = 1/6 and 5/6 are most pronounced and a distinct peak anomaly at f = 1/2 is observed. The results agree well with what have been observed in T 3 wire networks, 35,39 the dual structure of the kagomé hole array as seen in Fig. 4(b) . The top curve of Fig. 6(b) shows the theoretical curve of T 3 networks. 35 This is done by the following equation which relates the eigenvalues of T 3 (ε(f )) at filling ratio f to the eigenvalues for triangular lattice at 3f /2.
The comparison with the theoretical curve shows that only the dips at f =7/9 and other weaker ones are absent in the experimental curves. For f =1/6, 2/9 and 1/3, constructive interference occurs among the superconducting order parameters of the interstitial sites and the fluxoids establish long range locked-in commensurate order. While for f =1/2, superconductivity is localized in single tiles and long range coherence between network sites cannot be established. 35 This kind of fully destructive quantum interference has also been observed in kagomé wire networks. 34, 40 The oscillation of R(H) curve with a peak at half a flux per tile is similar to the single-loop Little-Parks effect. In that case, the supercurrent density reaches the largest value at half flux in order to satisfy the fluxoid quantization condition.
41
The results obtained from these two lattices confirms the validity of the transform from a hole array to a wire network. However, in contrast to the small nodes in ideal wire networks or square arrays of holes, the geometries studied here possess very large superconducting disk-shaped nodes which can trap Abrikosov vortices easily. The formation of Abrikosov vortices implies spatial variation and presence of zero points of the order parameters in the interstitial region. Then the simplification of the large interstitial region to a node in a wire network is no longer appropriate. Therefore, transformation from hole arrays to wire networks is only valid for small field values.
IV. CONCLUSIONS
In conclusion, we have studied the commensurate effects in superconducting films with honeycomb and kagomé arrays of holes with small edge-to-edge separation. We found that the magnetoresistance curves have two regions with different oscillation periods. At small fields, there are no Abrikosov vortices presents in the interstitial regions. The large disk-shaped interstitial region can be simplified as a single node and a one-to-one correspondence between hole arrays and wire networks is established. Comparison of experimental data with calculation shows that the simplification works well. Our results suggest that at low fields, the behavior of these specified periodic hole arrays are determined by the connectivity of the systems.
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